On some relations for multiple $L$-values (Analytic number theory and related topics) by 田中, 立志
Title On some relations for multiple $L$-values (Analytic numbertheory and related topics)
Author(s)田中, 立志




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
On some relations for multiple L-values
Faculty of Mathematics, Kyushu University
1
$r$ $\mu_{r}$ 1 $r$ $k=(k_{1}, \ldots, k_{l})\in \mathbb{Z}_{>0}^{l}$
$S=(s_{1}, \ldots, s\iota)\in\mu_{r}^{l}$ $($ $(k_{1},$ $s_{1})\neq(1,1))$
$L( k;s)=L(k_{1}, \ldots, k_{l};s_{1}, \ldots, s_{l})=\sum_{m_{1}>\cdots>m_{l}>0}\frac{s_{1}^{m_{1}-m2}\cdots.s_{l-1}^{m_{l-1}-m_{l}}s_{l}^{m_{l}}}{m_{1}^{k_{1}}\cdot\cdot m_{l}^{k_{l}}}$
( - Goncharov ) $L$ (mul-
tiple L-value, MLV) $(k_{I}, s_{1})\neq(1,1)$
$r=1$ (Euler-Zagier ) (MZV) , $l=1$ Dirich-





MZV Zagier MZV $\mathbb{Q}$- ([17],
1994)








Goncharov [3], Racinet [13] MLV $\mathbb{Q}$-
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$\sum_{k\geq 0}d_{k}[r]t^{k}=\{\begin{array}{ll}\frac{1}{1-t^{2}-t^{3}} r=1,\frac{1}{1-t-t^{2}} r=2,\frac{1}{1-(\frac{\varphi(r)}{2}+\nu)t+(\nu-1)t^{2}} r\geq 3\end{array}$
$\nu$ $r$ $\varphi$ Euler’s totient function









$r+1$ $\mathcal{A}_{r}=\mathbb{Q}\langle x,$ $y_{s}|s\in\mu_{r}\rangle$ $\mathcal{A}_{r}^{1},$ $\mathcal{A}_{r}^{0}$
$\mathcal{A}_{r}\supset \mathcal{A}_{r}^{1}:=\mathbb{Q}+\sum_{s\in\mu_{r}}\mathcal{A}_{r}y_{s}\supset \mathcal{A}_{r}^{0}:=\mathbb{Q}+\sum_{s\in\mu_{r}}x\mathcal{A}_{r}y_{s}+\sum_{s,t\in\mu_{r},t\neq I}y_{t}\mathcal{A}_{r}y_{s}$
$z_{k,s}=x^{k-1}y_{s}(k\geq 1,$ $S\in l^{l_{r})}$ $\mathbb{Q}$- $\mathcal{L};\mathcal{A}_{r}^{0}arrow \mathbb{C}$ $\mathcal{L}(1)=1$






$\mathcal{A}_{r}^{1}$ $*:\mathcal{A}_{r}^{1}\cross \mathcal{A}_{r}^{1}arrow \mathcal{A}_{r}^{1}$ $\mathbb{Q}$- 2
(i) $w\in \mathcal{A}_{r}^{1}$ $1*w=w*1=w$ ,
(ii) $k,$ $l\geq 1$ $w,$ $w’\in \mathcal{A}_{r}^{1}$
$z_{k,s}w*z_{l,t}w’=z_{k,s}(w*z_{t,t}w^{J})+t,s$ .
$*$ ( ) $\mathcal{A}_{r}^{1}$
MLV ‘ ’ $\mathcal{L}\circ \mathcal{I}$ $*$-
$\mathcal{I}$ $\mathcal{A}_{r}$ $\mathbb{Q}$-
$\mathcal{I}(z_{k_{1},s_{1}} ...z_{k_{l},s_{l}}x^{m})=z_{k_{1)}s_{1}}z_{k_{2},s_{1}s_{2}}$ .. . $z_{k_{l},s_{1}\cdots s\iota^{X^{m}}}$
($m$ )
$m$ : $\cross \mathcal{A}_{r}arrow \mathcal{A}_{r}$ $\mathbb{Q}$- 2
(i) $w\in \mathcal{A}_{r}$ 1 $mw=wm1=w$ ,
(ii) $k,$ $l\geq 1$ $w,$ $w’\in \mathcal{A}_{r}$
$uwmvw^{J}=u(wmvw’)+v(uwmw’)$ .
$($











$\mathcal{A}_{r,m}^{1}$ $\mathcal{A}_{r}^{1}$ $m$ $\mathcal{A}_{r,m}^{1}\cong \mathcal{A}_{r,m}^{0}[y_{1}]$
$reg_{m}$ : $\mathcal{A}_{r,m}^{1}arrow \mathcal{A}_{r}^{0}$
$\mathcal{A}_{r,m}^{1}\ni w=w0+w_{1}my_{1}+w_{2}my_{1^{2}}^{m}+\cdots+w_{d}my_{1}^{md}\in \mathcal{A}_{r,m}^{0}[y_{1}]$
$reg_{m}(w)=w_{0}$








$\partial(ww^{J})=\partial(w)w’+w\partial(w’)$ $(w, w’\in \mathcal{A}_{r})$
$\mathcal{A}_{r}$ $A_{r}$ $X$ $y_{s}(s\in\mu_{r})$
$n\geq 1$ $\mathcal{A}_{r}$ $\partial_{n}$
$\partial_{n}(x)=xz^{n-1}y_{1},$ $\partial_{n}(y_{s})=-xz^{n-I}y_{s}+y_{s}z^{n-1}y_{1}-y_{s}z^{n-1}y_{s}$
$($ $z=x+y_{1})$ , MLV
4( ). $n\geq 1$ $\partial_{n}(\mathcal{A}_{r}^{0})\subset ker\mathcal{L}$.
3.4 Newton
- [11] ‘Newton ’ MLV
$M_{s}(s\in\mu_{r})$ $L_{w}(w\in \mathcal{A}_{r})$ $\mathcal{A}_{r}$ $\mathbb{Q}$
$M_{s}(z_{k_{1},s_{1}}\cdots z_{k_{l},s_{l}}x^{m})=z_{k_{1},ss_{1}}z_{k_{2},s2}\cdots z_{k_{l},s_{l}}x^{m}$ ,
$L_{w}(w’)=ww’(w’\in \mathcal{A}_{r})$
($m$ ) $\mathcal{A}_{r}$ $\xi$ $\xi(x)=x+y_{1},$ $\xi(y_{s})=\delta(s)y_{s}-y_{1}$
$\delta(s)=1(s\neq 1),$ $\delta(1)=0$ $\mathcal{A}_{r,+}^{1}=\sum_{s\in\mu_{r}}\mathcal{A}_{r}y_{s}$
$\chi_{S}=L_{x+\delta(s)y_{s}}\xi \mathcal{I}M_{S}$
5 ([11]). $\chi_{s}(\mathcal{A}_{r,+}^{1}*\mathcal{A}_{I,+}^{1})\subset ker\mathcal{L}$ .
MLV
35
MZV $\partial_{n}$ Connes-Moscovici [2]




$n\geq 1,$ $c\in \mathbb{Q}$ $\mathbb{Q}$
$\partial_{n}^{(c)}:\mathcal{A}_{r}arrow \mathcal{A}_{r}$
$\partial_{n}^{(c)}=\frac{1}{(n-1)!}ad(\theta^{(c)})^{n-1}(\partial_{1})$





$\mathbb{Q}$- $H$ $w\in \mathcal{A}_{r}$
$H(w)=\deg(w)w$ $\mathbb{Q}$- ( ) ad
:ad $(\theta)(\partial)=[\theta, \partial]=\theta\partial-\partial\theta$ .
$c=0$ $\partial_{n}^{(0)}=\partial_{n}$ $n=1$ $c\in \mathbb{Q}$
$\partial_{1}^{(c)}=\partial_{1}$ $c\neq 0$ $n\neq 1$
$\partial_{n}^{(c)}$
$\mathcal{A}_{r}$
6. (1) ( ) $n,$ $m\geq 1$ , $c,$ $c’\in \mathbb{Q}$ $[\partial_{n}^{(c)}, \partial_{m}^{(c’)}]=0$ .
(2) $n\geq 1$ , $c\in \mathbb{Q}$ $\partial_{n}^{(c)}(\mathcal{A}_{r}^{0})\subset \mathcal{A}_{r}^{0}$ .
$w\in \mathcal{A}_{r}^{1}$ $\mathcal{H}_{w}$ $\mathcal{H}_{w}(w’)=w*w’$ $\mathbb{Q}$-





8( ). $n\geq 1$ $C\in \mathbb{Q}$ $\partial_{n}^{(c)}(\mathcal{A}_{r}^{0})\subset ker\mathcal{L}$.










$a$ $o(w_{1}\otimes\cdots\otimes w_{n+1})=w_{1}\otimes\cdots\otimes w_{n}\otimes aw_{n+1}$ ,
$(w_{1}\otimes\cdots\otimes w_{n+1})\langle\rangle b=w_{1}b\otimes w_{2}\otimes\cdots\otimes w_{n+1}$
196
$(a, b, w_{1}, \ldots, w_{n+1}\in \mathcal{A}_{r})$ $\mathbb{Q}$- $C_{n}$ : $\mathcal{A}_{r}arrow \mathcal{A}_{r}^{\otimes(n+1)}$
$C_{n}(x)=x\otimes z^{\otimes(n-1)}\otimes y_{1}$ ,
$C_{n}(y_{s})=-x\otimes z^{\otimes(n-1)}\otimes y_{s}+y_{s}\otimes z^{\otimes(n-1)}\otimes y_{1}-y_{s}\otimes z^{\otimes(n-1)}\otimes y_{s}$
$($ $z=x+y_{1})$
$C_{n}(ww’)=C_{n}(w)$ $w’+w$ $C_{n}(w’)$ $(w, w’\in \mathcal{A}_{r})$
$\mathbb{Q}$
$\mathcal{M}_{n}:A_{r}^{\otimes(n+1)}arrow \mathcal{A}_{r}$ $\mathcal{M}_{n}(w_{1}\otimes\cdots\otimes w_{n+1})=w_{1}\cdots w_{n+1}$
$\rho_{n}=\mathcal{M}{}_{n}C_{n}$
$\mathcal{A}_{r}^{1}-$ 1 $z_{k_{1},s_{1}}\cdots z_{k_{l},s_{l}}$ ( $q$
$k_{q}>1$ , $i,j(i\neq j)$ $s_{i}\neq s_{j}$ ) $\mathcal{A}_{r}^{1}$
9( ). $n\geq 1$ $\rho_{n}(\check{\mathcal{A}}_{r}^{1})\subset ker\mathcal{L}$ .
Hoffman- [7] 9
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